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Abstract
This paper proposes a new statistical approach for assessing treatment effect using 
Bayesian Networks (BNs). The goal is to draw causal inferences from observational 
data with a binary outcome and discrete covariates. The BNs are here used to esti-
mate the propensity score, which enables flexible modeling and ensures maximum 
likelihood properties. When the propensity score is estimated by BNs, two point 
estimators are considered—Hájek and Horvitz–Thompson—based on inverse prob-
ability weighting, and their main distributional properties are derived for construct-
ing confidence intervals and testing hypotheses about the absence of the treatment 
effect. Empirical evidence is presented to show the good behavior of the proposed 
methodology through a simulation study mimicking the characteristics of a real 
dataset of prostate cancer patients from Milan San Raffaele Hospital.

Keywords  Bayesian Network · Propensity score · Covariate balance · Observational 
study · ATE estimation · Testing treatment effect

1  Introduction

Observational data in biomedical research are progressively gaining room, owing 
to increasing costs and regulatory hurdles associated with conducting clinical tri-
als. However, its potential for external validity is still being debated. As a matter of 
fact, working with observational data has many challenges, such as non-randomized 
(uncontrolled) assignment of treatments and non-controlled study designs. Develop-
ing new rigorous statistical methods for overcoming these problems could poten-
tially improve generalizability.

From a statistical perspective, the uncontrolled unbalanced design often asso-
ciated to observational data could be approached by estimating the probability of 
receiving the treatments given the observed covariates (propensity score, PS). The 
PS can be then used for rebalancing the sample while statistically analyzing the data. 
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The actual statistical approaches for evaluating the treatment effects in this context 
are mainly based on: (1) matching (possibly based on PS); (2) stratification match-
ing (possibly based on PS); and (3) inverse probability weighting (IPW) through 
estimated PS. In this article, we will focus on the latter approach, by defining a new 
test for the absence of treatment effect within the inverse probability weighting 
approach, as the other methods, even when using PS, have various disadvantages. 
For example, while stratification matching is useful for estimating the average treat-
ment effect (ATE), as well as quantities such as average treatment effect on treated 
(ATT) or weighted average treatment effect (WATE), it is problematic to use for 
testing the presence of treatment effects and does not allow for straightforward esti-
mation beyond the above mentioned quantities. In contrast, IPW avoids these limita-
tions by easily extending to identifiable parameters other than ATE, ATT, WATE, 
and enabling the construction of tests for treatment effect (cfr. Conti and De Gio-
vanni 2022; Donald and Hsu 2014 and references therein). Additionally, stratifica-
tion matching requires a careful choice of the number of strata, which is subjective 
and must increase with the sample size to ensure consistency of estimates. Unfortu-
nately, it is unclear how fast the number of strata should increase, which can lead to 
theoretically unsafe estimates. Furthermore, when stratification is based on covar-
iate values, the number of resulting strata could become too large as the number 
of covariates and/or their levels increase, leading to insufficient data issues due to 
excessive granularity. Matching estimators for treatment effects are mainly studied 
under the assumption of continuous covariates with positive density; (cfr. the funda-
mental paper Abadie and Imbens 2016 and references therein). The extension to dis-
crete covariates (and outcomes, as well), as in the present paper, requires non-trivial 
theoretical changes and is beyond the scope of this paper. Moreover, their use as a 
test-statistic is problematic, basically for two reasons. First of all, variance estima-
tion is difficult. In the second place, results cannot be easily extended to quantities of 
interest different from ATE.

A common feature of the above mentioned methods (matching, stratification 
matching, and IPW) is that they typically require the estimation of PS. In this 
paper, we propose using Bayesian Networks (BNs) for PS estimation. BNs can 
capture the dependence structure between covariates and the treatment assign-
ment in a data-driven perspective. By their nature, they have a clear interpretation 
in terms of both dependencies among covariates and influence of covariates on 
the probability of receiving treatment. Therefore, BNs are flexible; they also have 
the key advantage of providing consistent (and asymptotically efficient) estimates 
of propensity scores under the setting of the present paper (categorical covari-
ates). This is a serious theoretical argument in favor of their use.

In conclusion, this paper has two main goals. 

1.	 Proposal of a new Bayesian Networks-based estimator for propensity score, with 
sound statistical properties.

2.	 Moving beyond ATE point estimation to construct a test-statistic for the evalu-
ation of the null hypothesis of the absence of treatment effect, by estimating 
potential outcome probabilities based on the estimated propensity score.
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The paper is organized as follows. In Sect. 2, we introduce the basic concepts related 
to propensity score and Bayesian Networks. In Sect. 3, the properties of the Bayes-
ian Networks-based propensity score estimators are explored. Additionally, two 
types of ATE estimators in the IPW class using the obtained propensity score are 
examined. It is shown that they are asymptotically equivalent, and their statistical 
efficiency is the same for large datasets. Then, a statistical test is developed to detect 
the possible presence of the treatment effect. In Sect. 4, it is shown that, under PS 
specification errors, the two types of ATE estimators behave differently, and have 
varying degrees of robustness with respect to misspecification. Finally, in Sect. 5, 
we present a motivating case study based on a large observational real data from 
prostate cancer patients. Section 6 describes a simulation study evaluating the per-
formance of the considered ATE estimators and the corresponding tests. Proofs of 
theoretical results are in Appendix. Supplementary Material deals with the estima-
tion of WATE and ATT.

2 � Basic theory

2.1 � Notation and basic concepts

Consider a random sample of n independent subjects. Each of them could either 
receive a treatment T or not; conventionally, T = 1 means a subject does receive the 
treatment, while T = 0 means the subject does not receive the treatment. Let Y(1) 
denote the potential outcome of a subject in the presence of the treatment (i.e. when 
T = 1 ), and let Y(0) denote the potential outcome of a subject in the absence of the 
treatment (i.e. when T = 0 ). The observed outcome for a subject is then:

Equation (1) can be more conveniently written by using the indicator function of the 
treatment. Let I(T=1) be the indicator of the event T = 1 , namely

thus I(T=0) = 1 − I(T=1) is the indicator function of the event T = 0 . The observed 
outcome Y can be then written as

The treatment has no effect in distribution (or on the average, which is the same for 
dichotomous outcomes) when Y(0) and Y(1) have the same probability distribution. If 
d
= denotes equality in distribution, then there is absence of treatment in distribution 
if and only if (iff) Y(0)

d
=Y(1) . For the sake of brevity, from now on the term “absence 

of treatment effect” will be used in place of the more correct “absence of treatment 
effect in distribution” (or “on the average”).

(1)Y = TY(1) + (1 − T)Y(0).

I(T=1) =

{
1 if T = 1

0 if T = 0,

(2)Y = Y(1)I(T=1) + Y(0)I(T=0).
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The assignment-to-treatment mechanism is not a “purely random" mechanism, 
as in an experimental framework. Due to the presence of confounding covariates, 
there could be considerable differences among subjects receiving different treat-
ment levels. As usual in the literature (cfr. Imbens and Rubin 2015), we assume 
here that the assignment-to-treatment mechanism only depends on a set of L 
observed, pre-treatment, covariates. From now on, the vector of relevant covari-
ates is denoted by X = (X1 ⋯ XL) . Furthermore, the probability of receiving the 
treatment conditionally on X = x , namely, the propensity score, is denoted by

For the sake of completeness, in the sequel we will denote by

the probability of not receiving the treatment, given X = x . The relationship 
p0(x) + p1(x) = 1 holds.

In the present paper, we focus on the case where pre-treatment covariates are 
discrete, finite random variables (r.v.s), and the potential outcomes are dichoto-
mous variables. The assumptions on which our analysis rests are listed below. 

	A1.	 Discreteness. Each covariate Xl is discrete, finite. With no loss of generality, 
it may take nominal values 1, … , rl with positive probability. The potential 
outcomes Y(k) are dichotomic r.v.s. For the sake of simplicity, and with no loss 
of generality, in the sequel we assume that Y(k) , k = 0, 1 , may take values 0, 1 
with (marginal) probability: 

	A2.	 Unconfoundedness. T⊥(Y(0), Y(1))|X , where the symbol ⊥ denotes stochastic 
independence.

	A3.	 Common support. There exists a positive real � for which � ≤ pk(x) ≤ 1 − � for 
each x and k = 0, 1.

In the case under examination, the absence of treatment effect is equivalent to say 
that �0 = �1 . Hence, testing for the absence of treatment effect reduces to the fol-
lowing hypothesis problem

The hypothesis problem (6) can be also expressed in terms of the familiar notion of 
average treatment effect (ATE), defined as ATE = E[Y(1)] − E[Y(0)] . Since, from def-
inition (5), E[Y(1)] = �1 , E[Y(0)] = �0 , the null hypothesis is equivalent to ATE = 0.

Observed data for n subjects are formally defined as the triplets (Yi, Ti, Xi) , 
i = 1, … , n . The r.v.s (Yi, Ti, Xi) are assumed to be independent and identically 
distributed (i.i.d.).

(3)p1(x) = P(T = 1|X = x).

(4)p0(x) = P(T = 0|X = x)

(5)�k = P(Y(k) = 1); k = 0, 1.

(6)
{

H0 ∶ �1 = �0
H1 ∶ �1 ≠ �0
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As it appears from Imbens and Wooldridge (2009), testing whether the dis-
tribution of Y(0) is different from that of Y(1) is a problem of considerable inter-
est, and relevance, as well. Bootstrap-based tests are proposed in Abadie (2002), 
and permutation tests for randomized experiments are studied in Ding (2017) 
and Wu and Ding (2018). Specifically devoted to the case of ordinal qualita-
tive outcomes is the paper (Lu et al. 2019), where a test for an upper bound for 
𝛾 = P(Y(1) > Y(0)) − P(Y(1) < Y(0)) is proposed; for further articles dealing with this 
subject, the reader is deferred to references in the above mentioned papers.

2.2 � Bayesian Networks: basic aspects

The basic idea exploited in the present section is to estimate propensity scores 
pk(x) , k = 0, 1 , by using a Bayesian Network model for (T , X) ; cfr. Cowell et al. 
(1999).

To simplify the notation, the r.v. T is here denoted by X0 , so that 
(T , X) = (X0, X1, … , XL) = (X0, X) . A BN is a multivariate statistical model sat-
isfying sets of conditional independence statements displayed in a directed acy-
clic graph (DAG), consisting in a set of nodes and a set of directed arcs connect-
ing pairs of nodes. The nodes represent random variables and the arcs represent 
direct dependencies among the variables. Each node is associated with an index 
l = 0, 1, … , L , which, in its turn, corresponds to the random variable Xl . A 
directed graph is acyclic, in the sense that it is forbidden to start from a node and, 
following arrows directions, go back to the starting node.

Next, let pa(l) be the set of parents of node l, i.e. the set of all nodes with a 
directed arc pointing to node l. In equivalent terms, Xpa(l) is ch(l) denotes the set 
of the set of all variables in (X0, X) “graphically” linked to Xl . Analogously, ch(l) 
denotes the set of children of node l, i.e. the set of all nodes with a directed arc 
pointing to them from node l. Moreover, the Markov blanket of node l, Mb(l), is 
the set of its parents, its children and the parents of its children. If l is a childless 
node, then Mb(l) = pa(l) . Note that in the present paper, we focus on pre-treat-
ment variables only, hence the treatment node is childless. Conditional independ-
encies can be read off the DAG by means of the Markov properties. Specifically, 
the joint probability distribution over a DAG satisfies the local Markov property 
if each variable, say Xl , is independent of its non-descendants conditionally on its 
parents, where the set of non-descendants of Xl is composed by all the variables 
for which there is no directed path from Xl to them. For other Markov properties 
for DAGs (that have been shown to be equivalent), cfr. Lauritzen (1996). In a 
BN, each node of a DAG is associated with the distribution of the correspond-
ing variable given its parents (if a node has no parents, it is associated with its 
marginal distribution). Formally speaking a BN is a pair DAG/joint probability 
distribution satisfying the Markov properties. The joint distribution can be factor-
ized according to the DAG as the product of the conditional distributions associ-
ated to each node given its parents. In general, the chain rule for the distribution 
of (X0,X1,… ,XL) states that:
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When covariates X are discrete, the use of BNs to estimate propensity scores has 
several positive theoretical features and practical advantages. On the theoretical 
side, BNs allow to consider maximum likelihood estimators (MLEs) of propensity 
scores pk(x) , that possess “usual” properties of MLEs, i.e. they are 

√
n-consistent 

and asymptotically efficient. Computation of MLEs in BNs is carefully studied in 
Cowell et al. (1999). More explicitly, for each l denote by Pl the Cartesian product

i.e. the parent set configuration of node l, l = 0, 1, … , L . The parameters of the BN 
are the conditional probabilities

The constraints

hold.
Let � be the vector of parameters (7). The likelihood function for the BN under 

consideration essentially corresponds to a multinomial likelihood with parameters 
vector � . If xil denotes the value of the variable Xl for the ith observation, and xipa(l) 
are the values of the parents of Xl for the ith observation, the log-likelihood is equal 
to

where n(xl, xpa(l)) is the number of times the pair (xl, xpa(l)) is observed in the sam-
ple. Hence, the MLE of �xl|xpa(l) is just the empirical conditional proportion

where

p(X0 = x0, X = x) = p(x0, x1, … , xL) =

L∏
l=0

p(xl|xpa(l)).

Pl =
∏
j∈pa(l)

{1, … , rj}.

(7)�xl|xpa(l) = p(xl|xpa(l)), xl ∈ {1, … , rl}, xpa(l) ∈ Pl, l = 0, 1, … , L.

rl∑
xl=1

�xl|xpa(l) = 1 ∀ xpa(l) ∈ Pl, l = 0, 1, …L

l(�) =

n∑
i=1

L∑
l=0

log �xil|xipa(l)

=

L∑
l=0

∑
xpa(l)∈Pl

rl∑
xl=1

n(xl, xpa(l)) log �xl|xpa(l)

�̂xl|xpa(l) =
n(xl, xpa(l))

n(xpa(l))

n(xpa(l)) =

rl∑
xl=1

n(xl, xpa(l))
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is the number of times pa(xl) is observed in the sample.
The MLE of p(x0, x1, … , xL) is obtained through the invariance property:

The association structure, i.e. the presence or absence of edges and their direction, 
between the variables and their conditional probability distributions, can be either 
known in advance by subject-matter knowledge or has to be learnt (estimated) from 
the data. In the second case, it is crucial to appropriately estimate the dependence 
model. To this aim there are three main classes of learning algorithms: constraint-
based, score-based and hybrid algorithms (cfr. Drton and Maathuis 2017). In con-
straint-based learning, the DAG is learned according to a sequence of independence 
tests carried out on data, and to logic rules based on test results. In score-based learn-
ing, it is necessary to compute the maximum likelihood of each structure, penalize 
it in order to avoid overfitting (the penalized likelihood is also named score), and 
search for the structure with the best score. Penalization is usually performed based 
on AIC or BIC. When the number of nodes is larger than 5, the number of possible 
network structures is so large that it is necessary to resort to appropriate search algo-
rithms such as the greedy search algorithm. Finally, hybrid algorithms combine the 
ideas and the advantages of the previous two types of algorithms. Compared to tra-
ditional statistical models, BNs allow a high degree of flexibility in discovering the 
dependence relationships among covariates and treatment levels, that is the presence 
of possible relationships of conditional independence (i.e. for the presence/absence 
of arcs) in the model, without requiring the identification, for each treatment level, 
of polynomial terms and interactions terms for the covariates in x to be included in 
the model.

In the sequel, theoretical results will be illustrated with a three-fold purpose. 
First of all, we consider estimates of propensity scores on the basis of an appropri-
ate Bayesian Network (BN) model. As it will be seen, if the network (dependence) 
structure is (correctly) specified a priori, the obtained estimates possess highly 
desirable statistical properties. The effect of learning the network structure, lead-
ing to post-selection inference on propensity scores, will be also discussed. In the 
second place, two types of ATE estimators based on propensity score weighting are 
considered, and their statistical properties are studied. As it will be also seen, one of 
them is usually better under misspecification of the propensity score model.

Finally, estimated propensity scores are used to construct a test-statistic for the 
presence/absence of treatment effect.

3 � Theoretical results

3.1 � Estimation of propensity scores by Bayesian Network models

As already said, due to their flexibility in modeling the dependence structures among 
covariates, BNs naturally offer an excellent tool to estimate propensity scores. From 

(8)p̂(x0, x1, … , xL) =

L∏
l=0

�̂xl|xpa(l) =
L∏
l=0

n(xl, xpa(l))

n(xpa(l))
.
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(8), and using again the invariance property, the MLE of the propensity score pk(x) 
is equal to

The main theoretical properties of (9) are consequences of general results on MLEs, 
and the same also holds for the marginal probability distribution of (x1, … , xL) . In 
order to establish results in the proper way, in the sequel we will denote by pTRUE

k
(x) 

the true propensity scores, and by P = {(p0(x;�)), p1(x; �); � ∈ �} the working sta-
tistical model for propensity scores under BNs.

Proposition 1  Suppose that assumptions A1-A3 are met. The following results hold. 

(a)	 pTRUE
k

(x) ∈ P.
(b)	 The estimator (9) is consistent: 

 for every value of x , the symbol p
−→ denoting convergence in probability. This 

statement holds either if the network structure is known in advance, or if it is 
learned from data through BIC.

(c)	 If the structure of the network is learned from data through BIC, then 

In addition, if the network structure is known in advance, then the following two 
further statements hold. 

(d)	 The estimator (9) is asymptotically Normally distributed: 

 where I−1
k
(x) is the reciprocal of the Fisher information, and d−→ denotes conver-

gence in distribution.
(e)	 The estimator (9) is asymptotically efficient. If p̃k(x) is another (sequence 

of) estimator(s) of the PS pk(x) , consistent and asymptotically Normal with √
n(p̃k(x) − pTRUE

k
(x))

d
−→N(0, Vk(x)) as n → ∞ , then: 

 for all x s and k = 0, 1.

Proposition 1 is “universal”, in the sense that it holds true whatever the “true” 
value of the propensity score may be. In other terms, statement (a) above ensures 

(9)p̂k(x) =
p̂(k, x1, … , xL)

p̂(1, x1, … , xL) + p̂(0, x1, … , xL)
, k = 0, 1.

(10)p̂k(x)
p
−→pTRUE

k
(x) as n → ∞, k = 0, 1

(11)|||p̂k(x) − pTRUE
k

(x)
||| = Op

(√
log n

n

)
.

(12)
√
n(p̂k(x) − pTRUE

k
(x))

d
−→N(0, I−1

k
(x)) as n → ∞, k = 0, 1

(13)Vk(x) ≥ I−1
k
(x)
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that the true PS is always a member of the working statistical model for BNs, thus 
avoiding the possibility of misspecification errors asymptotically (under conditions 
A1–A3, of course), even when their probabilistic structure is learned from data. To 
simplify the notation in the sequel, in case of non-ambiguity, the symbol pk(x) will 
be used in place of pTRUE

k
(x).

Since the covariates are discrete, propensity scores could be simply estimated 
by using relative frequencies, and the resulting estimators would be consistent and 
asymptotically Normal. As also remarked by a referee, the main motivation for using 
Bayesian Networks is that they make it possible to exploit conditional independence 
relations to estimate propensity scores more efficiently than by simple frequencies. 
Proposition 1 offers the most relevant theoretical support in this direction. As a mat-
ter of fact, statements (d), (e) show that the estimator (9) obtained through BNs is 
not only consistent and asymptotically normally distributed, but it is also asymptoti-
cally efficient. Competitor PS estimators can be either as efficient as those obtained 
through BNs, or they are beated in terms of asymptotic Mean Squared Error (MSE), 
which is a reason in favor of using BNs.

One of the nicest features of BNs is the possibility to learn their probabilistic 
structure from data. Statement (c) shows that, in case of BIC penalization rule, p̂k(x) 
is still consistent when the network structure is learned from data, although at a 
lower speed of convergence; cfr. also Balov (2013), from which statement (b) can 
be deduced in the special case of absence of missing data, and Nandy et al. (2018), 
which is devoted to hybrid algorithms. Note that the same does not hold for AIC 
penalization, because of the lack of consistency; cfr. Shibata (1986).

We note in passim that, since Hahn (1998), the estimation of propensity score is 
usually considered as ancillary in estimating the parameter �1 − �0 . Accordingly, a 
different approach to weighting consists in using moment method based on appro-
priate balancing with respect to covariates, or better in controlling the maximal 
imbalance; cfr. Zubizzarreta (2015), Chattopadhyay et al. (2020) and Ben-Michael 
et al. (2021). However, the speed of convergence of p̂k(x) has a non-trivial conse-
quence in terms of imbalance. According to Ben-Michael et al. (2021), consider a 
bounded function f (x) , and let the imbalance with respect to f be equal to

The Law of Large Numbers and the consistency of p̂k guarantee that (14) tends in 
probability to 0 as n increases. As a special case, the imbalance of single covariates 
(corresponding to f (xi) = xij , j = 1, … , L ), i.e.

tends in probability to 0 as n increases (cfr., for instance, Zubizzarreta 2015).
Furthermore, using Lemma 1 (see Appendix) it is easy to see that (14) tends to 

0 in probability at the same speed at which supx ||p̂k(xi)−1 − pk(x)
−1|| tends to 0. In 

our case, due to the assumptions made, the above supremum is OP(n
−1∕2) , which 

(14)
|||||
1

n

n∑
i=1

I(Ti=k)p̂k(xi)
−1f (xi) −

1

n

n∑
i=1

f (xi)
|||||
.

|||||
1

n

n∑
i=1

I(Ti=k)p̂k(xi)
−1xij −

1

n

n∑
i=1

xij

|||||
, k = 0, 1, j = 1, … , L
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is the maximal speed. Interestingly enough, this result also holds when the struc-
ture of the Bayesian Network is learned from the data, i.e. in case of post-selection 
inference on propensity scores, although at a slightly reduced speed of convergence 
( Op(

√
log n∕n) instead of Op(1∕

√
n)).

3.2 � Estimation of potential outcomes probabilities

In view of the estimator (9) of propensity score, an estimator of the marginal prob-
ability �k in Eq. (5) is needed. We consider here the following Hájek-type estimator 
(cfr., among the others, Hernán and Robins 2006), that is a slight modification of 
the commonly used inverse probability weighted estimator though with improved 
statistical properties:

As a natural competitor of (15), we also consider the inverse probability weighted 
estimator (i.e. the Horvitz–Thompson-type estimator) as in Lunceford and Davidian 
(2004):

Our first result is that both (15) and (16) are consistent estimators of �k.

Proposition 2  Under assumptions A1–A3, as n → ∞:

The main result of the present section concerns the asymptotic distribution of the 
estimators (15), (16), once properly normalized. Define first the vectors

and consider the bivariate r.v.s

Proposition 3  Suppose assumptions A1–A3 hold. Then, there exists a sequence of 
i.i.d. bivariate random vectors h∗(Yi, Ti, Xi) , with

(15)�̂H
k
=

1∑n

i=1
I(Ti=k)p̂k(xi)

−1

n�
i=1

I(Yi=1)I(Ti=k)p̂k(xi)
−1; k = 0, 1.

(16)�̂HT
k

=
1

n

n∑
i=1

I(Yi=1)I(Ti=k)p̂k(xi)
−1; k = 0, 1.

(17)
|||�̂

H
k
− �k

|||
p
−→0; k = 0, 1;

(18)
|||�̂

HT
k

− �k
|||
p
−→0; k = 0, 1.

�̂
H
=

[
�̂H
0

�̂H
1

]
, �̂

HT
=

[
�̂HT
0

�̂HT
1

]
, � =

[
�0
�1

]
,

(19)
√
n(�̂

H
− �),

√
n(�̂

HT
− �).
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and E[h∗
k
(Yi, Ti, Xi)] = 0 having the following properties as n → ∞ : 

1.	
√
n(�̂

HT
− �) and n−1∕2

∑n

i=1
h
∗(Yi, Ti, Xi) possess the same limiting distribution;

2.	
√
n(�̂

H
− �) and n−1∕2

∑n

i=1
h
∗(Yi, Ti, Xi) possess the same limiting distribution;

3.	 If V[h∗
k
(Yi, Ti, Xi)] > 0 , k = 0, 1 , then n−1∕2

∑n

i=1
h
∗(Yi, Ti, Xi)

d
−→W

as n goes to infinity, where W possesses a bivariate Normal N2(0, �) with null mean 
vector and covariance matrix

As a consequence of Proposition 3, the estimators �̂
H

 and �̂
HT

 possess the same 
limiting distribution, and hence they are asymptotically equivalent. For this reason, 
we will mainly refer to �̂

H
.

Proposition 3 holds not only when the structure of the Bayesian Network used to 
estimate propensity score is known a priori, but also when it is learned from data (at 
least under BIC penalization). In this case, post-selection inference for propensity 
scores does not affect the limiting distribution of 

√
n(�̂

HT
− �) and of 

√
n(�̂

H
− �) . 

The reason why this occurs is simple. Under post-selection inference for propensity 
scores based on BIC, we have p̂k(x) = pk(x) + Op(

√
log n∕n) , and this ensure the 

validity of Proposition 3. Using the arguments in Kim (2014), it is actually enough 
that p̂k(x) = pk(x) + op(n

−1∕4) . Incidentally, these results parallel a result established 
by Hahn (1998) for continuous covariates, establishing that the propensity score is 
ancillary for estimation of the average treatment effect.

Although the main interest of the present paper is in testing for Δ = �1 − �0 = 0 , 
we remark that, again as a consequence of the assumptions made, and using the 
same arguments as in Kim (2019),  p. 9, the estimators �̂H

1
− �̂H

0
 , �̂HT

1
− �̂HT

0
 are 

asymptotically efficient, in the sense that they attain the efficiency bound in Hahn 
(1998) and Kim (2019).

3.3 � Testing for treatment effect

The primary goal of the present section is to construct a test for the hypothesis 
problem (6), i.e. a test for the absence of treatment effect. Define Δ = �1 − �0 . As 
already remarked, testing for the absence of treatment effect reduces to the following 
hypothesis problem

h
∗(Yi, Ti, Xi) =

[
h∗
0
(Yi, Ti, Xi)

h∗
1
(Yi, Ti, Xi)

]

� =

[
�00 �01
�10 �11

]
= E

[
h
∗(Yi, Ti, Xi)h

∗(Yi, Ti, Xi)
T
]
.

(20)
{

H0 ∶ Δ = 0

H1 ∶ Δ ≠ 0
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A “natural” test-statistic for the above hypotheses problem is

where a is the vector of components 1 and −1 . The limiting distribution of Dn is eas-
ily obtained from Proposition 4, which is an immediate consequence of the continu-
ous mapping Theorem.

Proposition 4  Suppose assumptions A1–A3 hold. The following two statements 
hold. 

1.	
√
n(Dn − Δ)

d
−→N(0, �2) as n → ∞ , with �2 = aT�a.

2.	 Under H0 , 
√
nDn

d
−→N(0, �2

0
) as n → ∞.

The asymptotic variance �2 is unknown, and must be estimated from available data. 
A simple technique is jackknife, based on the systematic omission of a single observa-
tion from the sample data, on calculating the corresponding estimates of Δ , Dn−1,(−i) , 
i = 1, ..., n , and on computing their average. Since for each sub-sample of size n − 1 the 
construction of a BN is required, this technique may be computationally cumbersome, 
especially for large n. A different approach may be developed by exploiting (in a dif-
ferent context) ideas in Hirano et al. (2003). Define �k(x) = P(Yi = 1|Ti = k,Xi = x) , 
k = 0, 1 , and let �̂k(x) be the corresponding estimator obtained with the same approach 
used for estimating the propensity score (in our case by using a BN).

Define further

and

Using the same approach as in Hirano et al. (2003), it is possible to see that

is a consistent estimator of �2 . As a consequence, in order to test for the presence 
of treatment effect, a simple procedure consists in constructing the following confi-
dence interval at level 1 − � for Δ

Dn = �̂H
1
− �̂H

0
= a

T �̂
H

ĥi1 =

(
I(Ti=1)

p̂1(xi)
I(Yi=1) − �̂1

)
−

�̂1(xi)

p̂1(xi)
(I(Ti=1) − p̂1(xi))

ĥi0 =

(
I(Ti=0)

p̂0(xi)
I(Yi=1) − �̂0

)
−

�̂0(xi)

p̂0(xi)
(I(Ti=0) − p̂0(xi))

d̂i = ĥi1 − ĥi0, i = 1, ..., n.

�̂2
n
=

1

n

n∑
i=1

(d̂i)
2
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where ẑp is the (1 − p)-quantile of the Standard Normal distribution, and in rejecting 
H0 whenever the interval (21 ) does not contain 0.

Finally, as an approximated p-value for the above testing procedure, we may 
take 2(1 − Φ(

√
nDn∕�̂n)) , where Φ is the Standard Normal distribution function.

4 � Estimation of treatment effects under misspecification 
of the propensity score model

As seen in the previous sections, BNs are an excellent tool for estimating propen-
sity scores, in view of their “universal” consistency in Eq. (10). Asymptotically, 
BNs would ensure the removal of all bias in the potential outcomes probabilities 
estimates, since they are both universally consistent and parsimonious in terms of 
parameters used. However, under a limited sample size, or when structural learn-
ing is not used, or in case of omission of relevant covariates, there could be an 
uncorrect specification of propensity scores.

The goal of the present section is to study the behavior of estimators �̂HT
k

 , �̂H
k

 
when the model for propensity scores is incorrectly specified. More specifically, 
denote by pTR

k
(x) the ”true” propensity score, and assume that the working statis-

tical model

is adopted, � being a multidimensional parameter and � the corresponding param-
eter space. The working model is misspecified whenever pk(x; �) ≠ pTR

k
(x) for all 

� ∈ � . Misspecification could consist in omission of relevant covariates (the work-
ing model (22) actually includes only some of the covariates in X ), or in omission of 
arcs in a Bayesian Network, or in a parametric misspecification of the model.

Let �̂n be the MLE of � . From White (1982), Th. 2.2, it is not difficult to see 
that, under mild regularity conditions on the model (22) (they are essentially 
Wald’s conditions for consistency of MLEs), as n increases �̂n converges a.s. to

In other words, p1(x; �
∗) minimizes the (average) Kullback–Leibler divergence of 

the adopted probability distribution for the propensity score from the true one.
Consider now the Hájek and Horvitz–Thompson estimators of �k when the pro-

pensity score model is uncorrectly specified, namely

(21)

�
Dn − z�∕2

�̂n√
n
, Dn + z�∕2

�̂n√
n

�
,

(22)pk(x; �) = P(T = k|,X = x; �), k = 0, 1; � ∈ �

�∗ = argmin

{
E

[
p1(x) log

p1(x)

p1(x; �)
+ (1 − p1(x)) log

1 − p1(x)

1 − p1(x; �)

]}
.



496	 P. Vicard et al.

Their limiting behavior, in terms of convergence in probability, is studied in Propo-
sition 5.

Proposition 5  Suppose that pk(x; �) is a continuous function of � for each fixed x , 
that assumptions A1-A3 in White (1982) and A1, A2 are satisfied for the true propen-
sity score pTR

k
(x) , and that there exists 𝛿 > 0 such that � ≤ pk(x; �

∗) ≤ 1 − � for each 
x . Then, the following two statements hold

for k = 0 , 1.

The comparison of (23) and (24) makes it evident that �̂HT
k

 and �̂H
k

 are asymptoti-
cally equivalent only when the model for propensity score is correctly specified. In case 
of misspecification, their asymptotic behavior is different. From (23) it appears that 
the limit in probability of �̂HT

k
− �k is small only when pk(x; �

∗) is close to pTR
k
(x) , i.e. 

when misspecification is negligible. However, (24) shows that the limit in probability 
of �̂H

k
− �k is small if either pk(x; �

∗) is close to pTR
k
(x) or |�k(x) − �k| is small, namely 

when �k(x) does not vary too much around �k . In addition, from (24) and taking into 
account that E[�k(X)] = �k , the inequality

is obtained. Hence, the limit in probability of |�̂H
k
− �k| is bounded. The same does 

not happen for the Horvitz–Thompson estimator �̂HT
k

 , because the expectation

is unbounded. This shows that �̂H
k

 is preferable, being less prone to misspecification 
of propensity scores model if compared to �̂HT

k
.

�̂H
k
=

1∑n

i=1
I(Ti=k)pk(xi; �̂n)

−1

n�
i=1

I(Yi=1)I(Ti=k)pk(xi; �̂n)
−1

�̂HT
k

=
1

n

n�
i=1

I(Yi=1)I(Ti=k)pk(xi; �̂n)
−1

(23)�̂HT
k

− �k
p
−→ E

[
�k(X)

(
pTR
k
(X)

pk(X;�
∗)

− 1

)]
as n → ∞;

(24)�̂H
k
− �k

p
−→

1

E
[

pTR
k
(X)

pk(X; �
∗)

]E
[
(�k(X) − �k)

(
pTR
k
(X)

pk(X;�
∗)

− 1

)]
as n → ∞

|||||||
1

E
[

pTR
k
(X)

pk(X; �
∗)

]E
[
(�k(X) − �k)

(
pTR
k
(X)

pk(X;�
∗)

− 1

)]|||||||
≤ sup

x

|�k(x) − �k|

E

[
�k(X)

(
pTR
k
(X)

pk(X;�
∗)

− 1

)]
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5 � Application

The proposed approach is applied here to a clinical context. In particular, data 
from 6478 prostate cancer patients who underwent radical prostatectomy at San 
Raffaele Hospital (Milan, Italy) are considered. The goal is to evaluate whether 
receiving neoadjuvant hormonal therapy (NEOadjHT) before radical prostatec-
tomy has an effect on the decision to perform lymphadenectomy during the sur-
gery. The decisions on administered therapies, and in particular on neoadjuvant 
hormonal therapy, are based only on patient characteristics. In detail, the vari-
ables influencing decisions on neoadjuvant hormonal therapy are age, body mass 
index (BMI), Charlson Comorbidity Index (CCI), biopsy Gleason score (bxgg), 
clinical stage (clinstage), and total PSA (tpsa). Pre-treatment covariates also affect 
the potential outcome (lymphadenectomy), of course under the unconfounded-
ness assumption. Since categorical or categorized covariates are commonly used 
for decision-making in clinical practice, we have categorized all the quantitative 
covariates using clinical cut-offs in this study. This is actually a major reason 
to use BNs to estimate propensity scores: they should mimic clinical decisions, 
which are essentially based on discrete (or discretized) covariates.

The Bayesian networks (BNs) displayed in Fig. 1 were estimated on real pros-
tate cancer data using the Tabu greedy search (TABU) algorithm with AIC and 
BIC score functions, respectively. Specific structural constraints (blacklists) 
were imposed to ensure that the relationships modeled by the BN are consistent 
with the temporal and clinical context of the variables. In particular, the treat-
ment variable (NEOadjHT) has been constrained so that it cannot influence the 
other covariates, as they are pre-treatment characteristics. Therefore, NEOadjHT 
is a childless node and its Markov blanket coincides with its parent set. In addi-
tion, age was constrained to remain unaffected by other variables, and in its turn, 
BMI was constrained to remain unaffected by any variable other than age. In both 
cases, the estimated BN supports the presence of interaction terms among some 
covariates for the estimation of the propensity score. Therefore, in this real set-
ting, the use of BN should provide an advantage for a good estimation of the pro-
pensity score and subsequently for the ATE estimation.

Figure  2 presents the ATE estimates, along with 95% confidence intervals, 
using the Hájek-type (15) and the Horvitz–Thompson-type (16) estimators. The 
propensity score was estimated by a Bayesian network based on either AIC or 
BIC score functions. All methods gave confidence intervals that did not include 
zero. Hence, there is sufficient evidence to reject the hypothesis that neoadjuvant 
hormonal therapy before radical prostatectomy did not have an effect on the deci-
sion to perform lymphadenectomy during the surgery. In this application, the dif-
ferences in the ATE estimate among the different methodologies were negligible. 
To evaluate the goodness of the proposed approach and to delve deeper into the 
impact on the estimation of ATE of different PS estimations combined with the 
usage of the Hájek-type (15) and the Horvitz–Thompson-type (16) estimators, a 
simulation study has been designed in Sect.   6. It mimics the characteristics of 
this real dataset while varying the sample size.
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6 � Empirical evidence from data mimicking prostate cancer real data

In this section, we use artificial data that mimic the characteristics of a real dataset of 
prostate cancer patients, described in the previous section. Our main goal is to provide 
empirical evidence with finite sample sizes n of the theoretical asymptotic results in 
Sects. 3 and 4.

6.1 � Simulation study plan

The simulated data were generated in order to mimic the prostate cancer real data of 
Sect. 5. Treatment assignment and covariates have been generated based on the esti-
mated BN by using the Tabu greedy search (TABU) algorithm with AIC score function 
(Fig. 1 left).

The binary potential outcomes Y(0) and Y(1) were then simulated through logistic 
models including the whole set of covariates. Again, values of the model coefficients 
were equal to the observed coefficients estimated on the prostate cancer data. In detail, 
if B(p) denotes the Bernoulli distribution with parameter (success ptobability) p,

where Y(k) = 1 if lymphadenectomy is performed and Y(k) = 0 otherwise, for k = 0, 1 , 
Xc denotes the vector of covariates, and

In order to compute the true ATE for the evaluation of the estimation methodolo-
gies, the probabilities �k = P(Y(k) = 1) , k = 0, 1 , were obtained by marginalizing 
P(Y(k) = 1|Xc) over Xc . Fixing the parameters �0 , �1 and �T based on the real data, 
the corresponding ATE is equal to 0.094. The outcome Y was generated according to 
Eq. (2), with treatment T referring to the neoadjuvant hormonal therapy: T = 1 if the 
therapy was administered, T = 0 otherwise. In this set up mimicking real data, four 

Y(k)|Xc ∼ B(P(Y(k) = 1|Xc)) for k = 0, 1,

logit
(
P(Y(0) = 1|Xc)

)
= �0 + �T

Xc,

logit
(
P(Y(1) = 1|Xc)

)
= �0 + �1 + �T

Xc.

Fig. 2   ATE estimates and 95% confidence intervals (bars)
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sample sizes (n = 500, 1000, 2500, 5000) we considered, with 1000 Monte Carlo 
(MC) runs for each sample size.

To estimate the propensity score we used Bayesian Networks learned with the 
Tabu greedy search algorithm with either AIC score function (BN AIC) or BIC 
score function (BN BIC). The Bayesian Networks were estimated by considering the 
same structural constraints (blacklists) defined in Sect. 5 to ensure consistency with 
the characteristics of the involved variables. As a comparison, the propensity score 
has been also estimated via logistic regression with BIC-based backward variable 
selection (BLR BIC), applied to the same set of candidate covariates. The estimated 
propensity score was then used to obtain the estimate of ATE and the related 95% 
confidence interval (CI) through two inverse probability weighting estimators for �k : 
the Horvitz–Thompson estimator �̂HT

k
 in (16) and the Hájek estimator �̂H

k
 in (15).

6.2 � Results and discussion

In Fig.  3, we present box-plots that summarize the differences in bias among the 
ATE estimators. The closer the median bias over simulations to zero, the higher the 
estimation accuracy. The lower the variability of the distribution, the higher the esti-
mator efficiency. As far as the Horvitz–Thompson estimator is concerned, the ATE 
estimator’s bias using the propensity score estimated by BN BIC is generally closer 
to zero than the bias obtained through BN AIC. In this latter case, we have less pre-
cision and a tendency to underestimate the ATE. In case of Hájek estimator, both 
BN AIC and BN BIC exhibit a good performance. Increasing the sample size, uni-
formly improves estimation.

Table  1 shows two additional evaluation metrics for increasing sample sizes: 
(1) the empirical coverage (EC) of 95% CIs, computed as the proportion of CIs in 
Eq. (21) that include the true ATE (0.094) within 1000 runs and (2) the empirical 
rejection rate (ERR) of the test for no treatment effect specified in Eq. (20) at the 
� = 0.05 level, computed as the proportion of CIs in Eq. (21) not including zero. 
Clearly, the closer EC to the nominal level 0.95, the closer the significance level of 
the corresponding test to the nominal significance level 0.05. On the other hand, the 
higher the ERR term, the higher the power of the test, correspondingly to a real sig-
nificance level 1 − EC.

In case of Horvitz–Thompson estimator, BN BIC gives better results than BN 
AIC in terms of both empirical coverage and its closeness to the nominal level. With 
the Hájek estimator of ATE, the largest coverage is obtained by using the BN AIC 
propensity score, with a tendency to provide conservative CIs (i.e., coverage larger 
than 95%). The coverage obtained by using the BN BIC approach is the closest to 
the nominal 95%.

When propensity scores are estimated via logistic regression with BIC-based 
backward selection (BLR BIC), the real coverage probability is generally smaller 
than the nominal level 0.95. A comparison between BN BIC and BLR BIC shows 
that the first one gives considerably more accurate confidence intervals, especially 
for a sample size n ≤ 1000 . If ATE estimates are used to test hypotheses on treat-
ment effect, this also means that the test based on BN BIC is conservative (its real 
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significance level is smaller than the nominal 0.05), while the test based on BLR 
BIC is liberal (its real significance level is larger that the nominal 0.05). Further-
more, the ERR column shows that BN BIC offers a higher power than BLR BIC, 
even if the corresponding type I error probability is smaller.

With both types of ATE estimators, a larger proportion of rejection of the null 
hypothesis is achieved using the BN BIC rather than BN AIC propensity score. 
Moreover, this proportion increases to 1 as the sample size increases.

7 � Conclusions

In this paper, a new method for estimating and testing the Average Treatment Effect 
(ATE) for binary outcomes using Bayesian Networks (BNs) for Propensity Score 
(PS) estimation is proposed. Both Horvitz–Thompson (HT) and Hájek (H) type esti-
mators of ATE have been considered, the second being a modification of the first 
known to be more stable for small to moderate sample sizes. Asymptotic properties 
of the ATE estimators are derived by the statistical properties of BNs. The main 
conclusions of the present paper can be summarized as follows: 

1.	 Estimating PS by BNs is particularly important when the dependence structure 
for treatments outcome and covariates is complex. BN structure can be learned 
directly from data (e.g., via structural learning) involving treatment assignment 
and covariates without necessarily imposing a priori functional relationships. 
Under the assumption of discrete covariates, BNs allow us to produce maximum 
likelihood (ML) estimators.

2.	 As a consequence of point 1, the use of BNs ensures the efficiency of both Hor-
vitz–Thompson and Hájek estimators of ATE. It also allows us to define a test for 
the absence of treatment effect.

Table 1   Empirical coverage 
(EC) of CIs in Eq. (21) and 
empirical rejection rate (ERR) 
of no treatment effect test (20), 
for increasing sample size n, 
for the three PS estimation 
approaches (BN AIC, BN 
BIC, BLR BIC) and the two 
ATE estimators, by using the 
simulated data mimicking the 
real prostate cancer data

n Methods Horvitz–Thompson Hájek

EC ERR EC ERR

500 BN AIC 0.862 0.364 0.999 0.574
500 BN BIC 0.976 0.73 0.985 0.736
500 BLR BIC 0.836 0.705 0.879 0.738
1000 BN AIC 0.852 0.699 0.985 0.841
1000 BN BIC 0.972 0.932 0.975 0.933
1000 BLR BIC 0.842 0.819 0.902 0.877
2500 BN AIC 0.779 0.813 0.984 0.955
2500 BN BIC 0.973 0.999 0.975 0.999
2500 BLR BIC 0.686 0.94 0.952 0.995
5000 BN AIC 0.868 0.986 0.963 0.994
5000 BN BIC 0.946 1 0.945 1
5000 BLR BIC 0.428 0.995 0.934 1
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3.	 As theoretically explained in Sect. 4 and highlighted from our simulation study, 
the Hájek estimator seems recommendable over the more familiar Horvitz–
Thompson estimator for inverse probability weighting to estimate the ATE, to 
produce interval estimates and for testing null treatment effect hypothesis.

4.	 As the sample size n increases, BNs show a clear improvement, according to its 
“universal” consistency property given in Eq. (10) and discussed in Sect. 4

5.	 Since the estimation of propensity scores does not involve outcome data, the 
approach based on Bayesian Networks could be also used in case of continuous 
outcomes, provided that the pre-treatment covariates X are discrete. We do not 
go further into this direction, because it requires different, additional regularity 
conditions on outcomes distribution, that are far from the goals of the present 
paper.

6.	 As pointed out by a referee, including variables other than those influencing the 
treatment, and predictive for the treatment, generally improves the efficiency of 
ATE estimation; cfr. Rotnitzky and Smucler (2020) and Henckel et al. (2022). 
In the present paper, we have adopted a covariates selection criterion based on 
”control for all pre-treatment covariates”, which may lead to a loss of efficiency 
in estimation. On the other hand, adopting the criterion in Rotnitzky and Smucler 
(2020) would require the construction of a full causal graph containing also the 
outcome variable, which could be a possible further development of the present 
paper. Furthermore, as already remarked, the estimator considered here is asymp-
totically efficient when (as in our case case) there are no additional variables other 
than pre-treatment covariates used for propensity score estimation.

Appendix

Proof of Proposition 1  Statement (a) is obvious, in view of assumptions A2, A3. 
If the network structure is known a priori, statement (b) is a consequence of well-
known properties of MLEs; cfr. Davison (2003). If the network structure is learned 
from data through BIC, (b) follows from the consistency of BIC criterion; cfr., 
in particular, Proposition 2.1 and Theorem 3.1 in Shibata (1986). Cfr. also Balov 
(2013), from which (b) can be deduced as special case of no missing data. Statement 
(c) is a consequence of Corollary 3.1 in Shibata (1986). Finally, statements (d), (e) 
follow from Davison (2003) and Le Cam (1953) and Le Cam (1960).

Lemma 1  Under Assumptions A1, A3, the following results hold.

Proof  Immediate consequence of (10) and the finiteness of possible values of x.

Lemma 2  Under Assumptions A1–A3:

sup
x

||p̂k(x) − pk(x)
||
p
−→ 0 as n → ∞ ∀ k = 0, 1;

sup
x

|||||
1

p̂k(x)
−

1

pk(x)

|||||
p
−→ 0 as n → ∞ ∀ k = 0, 1.
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Proof  First of all, we may write

In addition, since

from the Weak Law of Large Numbers (WLLN) it is seen that

Finally, observing that

conclusion (1) immediately follows from Lemma 1 and (2).

Proof of Proposition 2  Define first the “pseudo-estimator” of �k:

From the WLLN, and using A2, it is immediate to see that

as n → ∞.
The consistency of the Horvitz–Thompson estimator �̂HT

k
(1) is then an immediate 

consequence of

and Lemma 1.

(1)
1

n

n∑
i=1

I(Ti=k)

p̂k(Xi)

p
−→1 as n → ∞; k = 0, 1.

(2)
1

n

n∑
i=1

I(Ti=k)

p̂k(Xi)
=

1

n

n∑
i=1

(
1
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)
I(Ti=k) +

1

n

n∑
i=1

I(Ti=k)
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As far as the Hájek-type estimator �̂k(1) is concerned, it can be proved as a conse-
quence of the relationship

and of Lemmas 1, 2 and (3).

Proof of Proposition 3  Proof is in principle simple, apart a few complications in 
notation. Let us start with the HT-type estimator (16). Define

Taking into account that p̂k(x) − pk(x) = op(n
−1∕2+�) for every positive � , and using 

the linearization technique in Hirano et  al. (2003) and in Kim (2014) and Kim 
(2019), it is not difficult to see that the equality

holds, where

Next, observing that

and assuming that V[h∗
k
(Yi, Ti, Xi)] > 0 for k = 0, 1 , from (4) and the (bivariate) 

Central Limit Theorem, it follows that 
√
n(�̂

HT
− �) possesses Normal limiting dis-

tribution with zero expectation and variance-covariance matrix � . This shows state-
ments 1 and 3. Statement 2 can be proved by a technique similar to that of Proposi-
tion 2.

Lemma 3  Suppose that pk(x; �) is a continuous function of � for each fixed x , that 
assumptions A1-A3 in White (1982) and A1, A2 are satisfied, and that there exists 
𝛿 > 0 such that � ≤ pk(x; �

∗) ≤ 1 − � for each x . The following two statements hold.

�̂k − �̃k =
1
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n
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⎧
⎪⎨⎪⎩
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�k(x) = P(Yi = 1|Ti = k,Xi = x), k = 0, 1.

(4)
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k
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1√
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n�
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k
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Proof  Similar to the proof of Lemma 1.

Proof of Proposition 5  Similarly to Proposition 2 consider the pseudo-estimator

By repeating verbatim the arguments of Proposition 2, it is not difficult to see that

as n → ∞ , in view of Lemma 3. In the second place, from the Weak Law of Large 
Numbers, we also have

as n increases, and hence, from (5),

Taking now into account that E[�k(1|X)] = �k , relationship (23) is obtained.
As far as �̂H

k
 is concerned, using the above arguments it is immediate to see that

and hence, from (23),

which is equivalent to (24).
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